Recent experimental measurements have reported that the outer peak of the streamwise wave-number spectra of the streamwise velocity depends on the Reynolds number. Starting from this puzzling observation, here it is proposed that the wall-parallel velocity components of each of the energy-containing motions in the form of Towsnend's attached eddies exhibit an inner-scaling nature in the region close to the wall. Some compelling evidence on this proposition has been presented with a careful inspection of scaling of velocity spectra from direct numerical simulations, a linear analysis with an eddy viscosity, and the recently computed statistical structure of the self-similar energy-containing motions in the logarithmic region. This observation suggests that the viscous wall effect would not be negligible at least below the peak wall-normal location of each of the energy-containing motions in the logarithmic and outer regions, reminiscent of the concept of the mesolayer previously observed in the mean momentum balance. It is shown that this behavior emerges due to a minimal form of scale interaction, modeled by the eddy viscosity in the linear theory, and enables one to explain the Reynolds-number-dependent behavior of the outer peak as well as the near-wall penetration of the large-scale outer structures in a consistent manner. Incorporation of this viscous wall effect to Townsend's attached eddies, which were originally built with an inviscid approximation at the wall, also reveals that the self-similarity of the wall-parallel velocity components of the energy-containing motions would be theoretically broken in the region close to the wall.
I. INTRODUCTION
Experimental measurements and numerical simulations of wall-bounded turbulent shear flows at high Reynolds numbers over the past decade revealed that the streamwise wave-number spectra of the streamwise velocity contain an energetic peak in the logarithmic and outer regions (e.g., Refs. [1] [2] [3] ). Recently, the wall-normal location of the outer peak has been reported to exhibit dependence on the friction Reynolds number Re τ . The wall-normal peak location y peak in turbulent boundary layer was shown to be y [4, 5] . In the case of turbulent pipe flow, the Superpipe data seem to support the same scaling at least up to Re τ 2 × 10 4 [6] , although a measurement from the same facility in a much wider range of Reynolds number up to Re τ 10 5 revealed y + peak ∼ Re 2/3 τ [7] . The Reynolds-number-dependent behavior of the outer peak is reminiscent of several early works which introduced the mesolayer for construction of the mean velocity [8] [9] [10] [11] [12] . The concept of the mesolayer relies on the observation that the inner-scaled peak wall-normal location of the Reynolds shear stress scales as Re 1/2 τ [8, 11, 12] , and the presence of such an intermediate scale between the inner and outer scales implies that the viscous wall effect on the mean velocity would not be negligible at least below the peak wall-normal location of the Reynolds shear stress [12] .
Given the fact that the outer peak in the spectra of the streamwise velocity would probably indicate the long streaky motion in the outer region [i.e., very-large-scale motion (VLSM)], the emergence of its Reynolds-number-dependent behavior is quite intriguing, as it suggests that the large-scale [19] , and Re τ = 5186 [3] . In each case, the region of interest is highlighted with a box.
outer structure, especially the part below the outer peak, would be under some viscous influence of the wall. In relation to this, it is interesting to remember the recent findings on the influence of the large-scale outer structure to the motions in the near-wall region [2, 4, [13] [14] [15] [16] [17] . We note that the existence of such an inner-outer interaction in the near-wall region would only be possible if the large-scale outer structure reaches the near-wall region at least to some extent (i.e., the footprint of the large-scale structure). Since the wall-normal extent of the near-wall region (say y + 50 from Ref. [18] ) in the outer unit becomes small on increasing Reynolds number, this should imply that the outer structure in the outer coordinate should extend more to the wall with the increase of the Reynolds number, resulting in a feature which would be difficult to explain if the large-scale structure scales only in the outer unit.
To be more precise, we show the streamwise wave-number spectra of the streamwise velocity of turbulent channel flow in Fig. 1 . Here, the data are taken from previous direct numerical simulations at Re τ = 934,2003,5186 [3, 19] where Re τ = u τ h/ν (u τ is the friction velocity, ν is the kinematic viscosity, and h is the half-height of the channel). Figures 1(a) and 1(b) show the inner-and outer-scaled spectra, respectively. Not surprisingly, the spectra exhibit very good inner-scaling behavior in the near-wall region with the inner peak at λ + x 1000 [ Fig. 1(a) ; here λ x is the streamwise wavelength]. The energetic part of the spectra exhibits a linear growth with y along the ridge λ x 100y (y is the wall-normal distance from the wall) on increasing the Reynolds number, indicating the emergence of the self-similar streaky motion in the logarithmic region found in Ref. [20] . However, the good inner scaling of the spectra is limited only for λ 50 become increasingly more energetic and extend to the longer streamwise wavelengths on increasing the Reynolds number [the blue-boxed region in Fig. 1(a) ], indicating the near-wall influence of the energy-containing motions in the logarithmic and outer regions at higher Reynolds numbers. This feature is also confirmed in the outer-scaled spectra [ Fig. 1(b) ]. The outer-scaled spectra appear to scale very well in the outer unit for λ x > 1h and y > 0.2-0.3h, the spectral region to which large-scale motions (LSMs) and VLSMs would dominantly contribute. The most energetic part of the spectra gradually extends to the wall along the linear ridge λ x 100y on increasing the Reynolds number. However, this extension is not limited only along λ x 100y: The part of the spectra at λ x 10-20h also appears to extend to the wall as the Reynolds number increases [the blue-boxed region in Fig. 1(b) ]. This observation clearly confirms that the near-wall part (i.e., footprint) of the large-scale outer structure does not scale in the outer unit and that it extends more to the wall on increasing the Reynolds number.
Given the wall-normal location of the footprint of the large-scale outer structure, the only relevant length scale for its proper scaling would now be the inner length scale. The streamwise wave-number 064401-2 FIG. 2. Premultiplied streamwise wave-number spectra of the streamwise velocity in λ x /h − y + plane. The labels of each contour are given to be uniformly spaced from zero for comparison of the wall-normal structure of the spectra in the region highlighted with the blue box. Here, the dashed, solid, and shaded contours are respectively from Re τ = 934, Re τ = 2003 [19] , and Re τ = 5186 [3] . spectra of the streamwise velocity are therefore replotted in the λ x /h − y + plane in Fig. 2 . Here, we note that the contour labels of the spectra at each different Reynolds number in Fig. 2 are chosen to be spaced uniformly from zero to make comparison of the structure of the spectra at λ x 10-20h in the near-wall region. Figure 2 now reveals that the wall-normal structure of the streamwise velocity spectra at λ x 10-20h in the near-wall region scales quite well in the inner unit (the blue-boxed region in Fig. 2 ), indicating that the near-wall part of the large-scale outer structures is dominated by viscous effect of the wall. From the scaling viewpoint, this observation turns out to be very important, as it would indicate that the wall-normal location of the outer peak in the streamwise wave-number spectra of the streamwise velocity should be the outcome of an asymptotic matching between two functions, one of which scales in the inner unit in the near-wall region and the other scales in the outer unit in the outer region, resulting in the Reynolds-number-dependent behavior of the outer peak.
The observation for the large-scale outer structure is remarkably similar to the concept of the mesolayer introduced for momentum balance of mean velocity (e.g., Ref. [12] ), yielding several important questions: What is the origin of the inner-scaling nature of the large-scale outer structure in the near-wall region? Can this behavior also be observed in the self-similar energy-containing motions in the form of Townsend's attached eddies mainly populating the logarithmic region [20] [21] [22] ? What is its consequence in relation to the classical theory of Ref. [21] ? Does this behavior also appear in other variables such as wall-normal and spanwise velocities? The goal of the present study is to explore these issues. To this end, we first introduce a linear theory used in our previous studies in Sec. II [23] [24] [25] [26] [27] , where optimal transient growth of small organised perturbations is computed using the linearized Navier-Stokes equation with an appropriate eddy viscosity [28] . In Sec. III, we show that the most amplified mode in the linear theory exhibits the qualitatively same behavior with the spectra in Figs. 1 and 2 . Generalization of this observation is then made to the modes emerging in the form of Townsend's attached eddies in the logarithmic region [26] , revealing that these modes also exhibits theoretically broken geometrical self-similarity due to their inner-scaling nature in the region close to the wall. In Sec. IV, the origin of this behavior is investigated with the linearized Navier-Stokes equation. A further discussion is given for other velocity components and Reynolds stress with direct numerical simulation (DNS) data available and with the statistics of the self-sustaining attached eddies in Ref. [20] . A summary and some remarks are given in Sec. V.
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II. LINEAR MODEL
A. Linearized equation for a small-amplitude motion of interest
We consider a fluid flow over a turbulent channel in which the streamwise, wall-normal, and spanwise directions are denoted by x, y, and z, respectively. The two walls are respectively located in y = 0 and y = 2h. Density and kinematic viscosity of the fluid are denoted by ρ and ν. The velocity field in the channel is denoted by u = (u,v,w) where u, v, and w indicate the streamwise, wall-normal, and spanwise velocities, respectively. Following Ref. [28] , the velocity field u may be decomposed as
where U = (U (y),0,0) is the mean velocity, u is turbulent velocity fluctuation, andũ is the organized wave of interest. Here, it should be mentioned that the term organized wave is not meant to be the same as the commonly-used term coherent structure, which describes an ordered motion naturally emerging in a turbulent flow field. Instead, the velocity fieldũ rather represents a systematically controllable and/or tractable motion, which can be mathematically captured by an ensemble average. In this sense,ũ is rather close to a perturbation in stability analysis of a laminar flow, often implemented in an organized or controlled manner through, e.g., vibrating ribbons [28] .
If the amplitude ofũ is small and an appropriate closure is provided for describing the role of u in evolution ofũ, the equation forũ is given by
with the initial conditionũ (x,y,z,t = 0) =ũ 0 (x,y,z).
Here,p is the related pressure and ν t is the eddy viscosity. As in many previous studies [24, 26, 29, 30] , the semi-empirical expression in Ref. [31] is adopted for ν t :
where η = (y − 1)/h, κ = 0.426, and A = 25.4 from Ref. [30] . Here, the given coefficients κ and A are tuned to have good agreement with the DNS data at Re τ 2000 [30] , and this analytically given profile enables us to perform the present analysis up to a very high Reynolds number (Re τ = 40 000) without suffering from the lack of the mean-velocity-profile measurement. Finally, it should be noted that the eddy viscosity here also has a direct relation with the mean velocity profile U (y) through the mixing length model, i.e., ν t dU/dy = −u v . This form of the eddy viscosity is obviously very crude and simple, but it contains a very important physical feature as discussed in detail in Sec. IV A.
B. Optimal transient growth
Now, we consider a plane Fourier mode such thatũ(x,y,z,t) =û(y,t)e i(αx+βz) , where α and β are the streamwise and spanwise wave numbers, respectively (i.e., α = 2π/λ x and β = 2π/λ z ). It is instructive to use the normal velocity and vorticity form of the resulting equation [23, 24] :
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where
Here,ω y is the wall-normal vorticity ofû(y,t),
, and D and denote ∂/∂y.
The linear operator A has been found to be stable in all the canonical wall-bounded shear flows considered so far [23] [24] [25] [26] [27] . Therefore, the amplification mechanism born by A has been examined by computing its optimal response to given initial condition (optimal transient growth) [23] [24] [25] 27] and/or given (harmonic or stochastic) body forcing [25] [26] [27] . For a given set of α and β, the related optimization problem for initial condition is defined by
Here, we note thatû(t) = e tAû 0 . Therefore, G max is nothing more than the square of two norms of the state transition operator e tA at t = t max , at which the largest amplification ofû(t) is attained. In this respect, the optimization problem could be viewed as a tool to quantify the response of the linear operator A. Such an optimization problem has recently been extended to incorporate the entire flow domain and/or nonlinearity to study transition, e.g., Refs. [32, 33] .
In the present study, the optimization problem is solved using the numerical solver successfully implemented for previous studies [23] [24] [25] 27] . This solver projectsû(t) onto the eigenspace of A, and computes the solution of the optimization problem (5) using power iteration, which results in much faster calculation of the solution than the standard singular value decomposition. The discretization in the wall-normal direction is performed using a Chebyshev collocation method [34] with up to N y = 1024 to manage the highest Reynolds number considered here (Re τ = 40 000). For further details on the numerical method, the reader may refer to Ref. [35] . Since an extensive discussion on G max was made in Refs. [24, 26] , the focus on the present study will be given to the wall-normal structure ofû opt at t = t max , which represents the most amplified flow structure by (2) , in relation to its similarity to the observation made with the spectra (Figs. 1 and 2 ).
C. Relevance and limitations
Before exploiting the result from the present linear approach, here we address the physical relevance and limitations of the present approach based on a linear operator with a very crude eddy viscosity. The linear theory in the present study study has been found to be useful for prediction of the generation of the long streaky structures emerging in the near-wall, logarithmic, and outer regions [23] [24] [25] [26] [27] . Large amplification ofû appears typically for α β, and the resulting velocity fieldû opt is dominated by a streaky motion of the streamwise velocity. This large amplification of the streamwise velocity essentially originates from the off-diagonal term −iβU in Eq. (4), which represents tilting of the streamwise vorticity by the mean shear (i.e., lift-up effect). It is also important to mention that this term has the same mathematical origin with turbulence production term in the standard budget analysis and is the leading source of the non-normal nature of A yielding large G max [35] . Indeed, in full simulations, the artificial inhibition of this term has been shown to destroy the large amplification of the long streamwise velocity structure (i.e., streak) as well as the related self-sustaining process of the energy-containing motions at all the length scales (i.e., inner, log-layer, and outer length scales) [36, 37] .
Despite the important predictions of the present linear theory, it has some important limitations. Not surprisingly, the main limitation is the linear nature. However, this appears in a more structured manner and becomes particularly crucial if the wall-normal and spanwise velocities are concerned. In real flow, the main flow structures of these velocity components are typically much shorter than the long streaky structure of the streamwise velocity: The streamwise extent of the flow structure with 064401-5 the intense cross-streamwise velocity fluctuations is only two or three times larger than its spanwise width (λ x 2-3λ z ), whereas the streaky structure of the streamwise velocity appears with ten times larger than that (λ x 10λ z ) [20, 38] . Given the fact that the linear amplification is large only for α β, it is questionable whether the linear theory would be fully relevant for such a short structure. Indeed, it has recently been shown that the length scale of the cross-streamwise velocity components is rather well predicted by instability of the amplified streaky structure, which incorporates some roles of the neglected nonlinearity [39] [40] [41] . A recent numerical experiment further confirmed this by showing that the artificial suppression of the instability of the amplified streak significantly inhibits the generation of the flow structure with the cross-streamwise velocity components [37] .
The introduction of the eddy viscosity in Eq. (2) also needs to be discussed. The use of ν t with the linearized equation implicitly assumes that the perturbed motion of interestũ would feel the effect of surrounding turbulence in the same way that the mean flow does, given the fact that ν t is obtained from the mean flow with Prandtl's mixing length model. It is therefore reasonable to expect that (2) would only be useful to describe the evolution of the motions, the time scale of which is much larger than or at least is at the order of the time scale of the mean shear [i.e., O(1/S) where S ∼ O(dU/dy)] [28] . In this respect, (2) shares some important similarities to the rapid distortion theory, which relies on the linearized equation without ν t (e.g., Ref. [42] ): The rapid distortion theory is also built upon the assumption that the characteristic time scale of the structure of interest to be much larger than O(1/S). Reference [43] recently pointed out that the energy-containing motions in the logarithmic region and a certain part of the outer region (y/ h < 0.5) may be this case, as their time scale is about ten times larger than 1/S. Clearly, the two different theoretical frameworks have similar working conditions. However, the presence of the eddy viscosity makes the outcomes of the two theories not exactly identical, as we shall see in Sec. IV A, where the presence of ν t is shown to play a crucial role in makingũ behave as in the spectra in Figs. 1 and 2.
III. RESULT
Throughout the present study, we will consider the spanwise wavelength λ z between λ + z = 100 and λ z = 1.5h. For each λ z , the streamwise extent of the streaky motions is chosen to be
following our recent work in which the self-sustaining energy-containing motions were shown to exist in the form of Townsend's attached eddies [20] . We note that if λ + z = 100, (6) gives λ + x = 1000, resulting in the streamwise length scale of the near-wall streaks. On the other hand, if λ z = 1.5h, it leads to λ x = 15h which represents the streamwise length scale of the VLSM (the outer streaky structure). Each of the intermediate spanwise length scales λ z between λ + z = 100 and λ z = 1.5h yields the streamwise length scale of the self-similar streaky motions populating mainly the logarithmic region in the sense that their size is proportional to the distance from the wall. For a further discussion on (6), the reader may refer to Ref. [20] . Finally, it should be mentioned that the result presented in this section does not qualitatively depend upon the choice of the wavelengths as long as λ x is chosen to be much larger than λ z (see also Refs. [24, 26] for further details).
A. Largest attached eddy: very-large-scale motion
We first consider λ z = 1.5h with λ x = 15h from (6) , and this set of the wavelengths would represent the VLSM (the outer streaky structure) [20, 38] . Figure 3 shows the wall-normal profiles of the normalizedû opt for Re τ = 1000,2000,5000,10 000,20 000,40 000. If the profiles are plotted in the outer coordinate [ Fig. 3(a) ], they show good agreement with one another for y/ h 0.2-0.3. However, they do not show such an agreement in the region close to the wall (y/ h 10 −2 ): The normalizedû opt rather tends to gradually extend to the wall on increasing the Reynolds number, similarly to the spectra at λ x 10-20h [ Fig. 1(a) ]. Now, we normalize the profiles with their shear rate at the wall (i.e., dû opt /dy + | y=0 ) and plot them in the inner coordinate [ Fig. 3(b) ]. The rescaled profiles then reveal to scale very well in the inner coordinate. For relatively low Reynolds numbers (Re τ = 1000,2000,5000), the inner-scale profiles show good agreement up to y + 10-20, similarly to the streamwise wave-number spectra of the streamwise velocity at λ x 10-20h (see Fig. 2 ). For the two highest Reynolds numbers considered (Re τ = 20 000,40 000), the collapse reaches even up to y + 400, indicating that this behavior is not simply limited to the near-wall region and may extend to the region much further from the wall at very high Reynolds numbers. This inner-scaling behavior ofû opt was first originally pointed out in Refs. [23, 26] , but it had received very little attention due to the lack of any compelling evidence. With the spectra given in Fig. 2 , we now clearly show that this is a behavior consistent with scaling of the large-scale outer structures in real flow. Figure 3 indicates thatû opt (y) is a function of only y/ h in the outer region [ Fig. 3(a) ], whereaŝ u opt (y)/(dû opt /dy + | y=0 ) is a function of only y + in the near-wall region [ Fig. 3(b) ]. It is apparent that this feature would lead the peak location ofû opt (y) (denoted by y max ) to be placed in the overlap region with a scaling behavior involving both the inner and outer length scales. Such a scaling nature ofû opt (y) is also an analog to the construction of the mean velocity (e.g., Refs. [44, 45] ), and the logarithmic behavior seems to emerge inû opt (y) in the same manner. In this respect, it is worth mentioning that Ref. [22] imposed a similar logarithmic dependence of the wall-normal structure to their statistical model of each attached eddy. Interestingly, in the present linear theory, such an logarithmic dependence naturally emerges inû opt (y) without such an imposition.
The peak location y max with the Reynolds number is reported in Fig. 4 . The peak location y max in the outer coordinate gradually moves towards the wall on increasing the Reynolds number [ Fig. 4(a) ], whereas it gradually moves further from the wall in the inner coordinate with the Reynolds number [ Fig. 4(b) ]. The best fit to the dependence of y max on Re τ is found to be y/ h ∼ Re observed in boundary layer and pipe flows [4, 6] , although qualitatively the same trend is maintained. However, this is not so surprising, given the very crude nature of the present approach: The structure ofû opt (y) is only an outcome of a linear theory given with inaccurate mean-velocity profiles (i.e., Cess profile), highly simplified eddy viscosity, and an initial condition obtained only by solving an optimization problem (6) . In this respect, the characteristics ofû opt (y) and y max with Re τ in Figs. 3 and 4 is rather quite encouraging, as they exhibit qualitatively the same physical behavior with the spectra in Figs. 1 and 2 .
B. Attached eddies in the logarithmic region
Now, we extend our investigation onû opt (y) to the logarithmic region by considering λ z between λ + z = 100 and λ z = 1.5h, as a spanwise length scale in this range would describe each of the self-similar streaky structures in the logarithmic region [20, 37] . We first choose λ z so that it scales in the outer unit. Figure 5 shows the wall-normal profiles ofû opt (y) at λ z = 0.6h with λ x = 6h for Re τ = 1000,2000,5000,10 000,20 000,40 000. Exactly the same behavior is observed as in Fig. 3 . When plotted in the outer coordinate, the normalized profiles ofû opt (y) at the different Reynolds numbers agree well with one another for y/ h > 0.03 ∼ 0.04h [ Fig. 5(a) ]. On the other hand, when plotted in the inner coordinate, the profiles normalized with their respective gradient at the wall collapses well with one another in the region relatively close to the wall [ Fig. 5(b) ]. The logarithmic dependence ofû opt (y) is also seen, although the wall-normal size of the related region appears to be much smaller than that with λ z = 1.5h (Fig. 3) due to the smaller λ z (=0.6h) in this case. Here, it should be noted that there is no reason forû opt (y) to have the same coefficient for the logarithmic dependence as the Kármán constant, as its outer profile is completely different from that of the mean velocity.
We now choose λ z so that it scales in the inner unit with the Reynolds number. In this case, the behavior in Figs. 3 and 5 turns out be quite different. Figure 6 shows the normalizedû opt (y) in the inner coordinate for λ + z = 100 and λ + z = 300 at Re τ = 1000,2000,5000,10 000,20 000,40 000. Unlike Figs. 3 and 5 , the profiles at all the Reynolds numbers considered are almost identical to one another in the inner coordinate. This suggests that the scaling of the outer part ofû opt (y) essentially depends upon the choice of the scaling of λ z (i.e., the size of the structure of interest). It is important to note that this feature is in contrast to the inner part ofû opt (y): Figures 4 and 5 suggest that no matter how λ z is chosen, the inner part ofû opt (y) always remains to scale in the inner unit.
In the previous study [26] ,û opt (y) for a given λ z between λ + z = 100 and λ z = 1.5h was found to be approximately self-similar with respect to λ z or y, consistent with Townsend's attached eddy hypothesis [21] . Further to this previous finding, the observation given with precisely suggests that the self-similar nature ofû opt (y) would be valid only in the approximate sense, because the inner part ofû opt (y) does not appear to be affected by the chosen λ z . Figure 7(a) shows the wall-normal profiles ofû opt for λ z /h = 0.3,0.6,0.9 at Re τ = 10 000 in the y/λ z coordinate. It appears that only the outer part ofû opt is self-similar in this coordinate. More precise scaling with the y/y max coordinate (from λ z ∼ y), shown in Fig. 7(b) , more clearly reveals that it is indeed only the outer part ofû opt , which exhibits a precise self-similarity with respect to y max . On the contrary, the near-wall part ofû opt does not show such a self-similarity due to its inner-scaling nature. Instead, u opt extends more to the wall, as the chosen λ z increases (Fig. 7) . It should be stressed that this so-called incomplete self-similarity ofû opt essentially originates from the inner-scaling nature of the near-wall part ofû opt . This implies that such an incomplete self-similarity of the energy-containing motions in the logarithmic region of a real flow may also be observed, as the spectra in Fig. 2 at least partially support this idea. This issue will be further discussed in Sec. IV B.
IV. DISCUSSION
Using the linear theory in Sec. II, we have proposed that the near-wall streamwise velocity of the energy-containing motions in the logarithmic and outer regions would exhibit the inner-scaling nature, while their respective outer part scales in the length scale posed. It is important to mention that the spectra of the streamwise velocity at least for λ x O(h) appears to well support this idea ( Figs. 1 and 2 ). Since the inner-scaling nature of a certain flow feature would indicate the viscous wall effect, this proposition sounds quite like that of the mesolayer for the mean velocity [8] [9] [10] [11] [12] . The evidence given here with the spectra from DNSs and the linear theory suggests that such a mesolayer-like behavior would also be likely to exist in each of the energy-containing motions in the logarithmic and outer regions given in the form of Townsend's attached eddies. It is presumable 
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that this feature is intricately linked with the Reynolds-number-dependent behavior of the outer peak location in the streamwise wave-number spectra of the streamwise velocity [4, 6] as well as higher-order statistics. In this respect, it is also worth mentioning a recent work [46] , which showed that introducing a Reynolds-number-dependent spectral behavior to the wave numbers a little smaller than those for k
x is the streamwise wave number) improves the early spectral model of Ref. [47] physically with more consistent behavior. Here, we note that the wave-number range introduced in that work actually appears to describe the mesolayer-like behavior of the long streaky structures discussed here in the physical space, given its long wavelength (i.e., short wave number) and the Reynolds-number-dependent behavior.
It should also be mentioned that the observations in the present study are mainly on the coherent structures and the related spectra. However, this also appears to provide a consistent description for the recent work on the self-similar mean dynamics by Klewicki and coworkers [48, 49] . These works have shown that the mean momentum equation admits an invariant form of the mean-momentum equation responsible for each of the wall-normal layers. The invariant form of the mean-momentum equation for each wall-normal layer is given in the same form of the original one for the entire wall-normal location [48, 49] . It is important to note that the original mean-momentum equation itself contains a competitive dynamics between the inner and outer scales, typically featured with a four-layer structure. This implies that the same four-layer structure should appear in the meanmomentum equation for each wall-normal layer, indicating that this equation would also contain the influence of viscous scales in the presence of appropriate boundary conditions. This behavior is consistent with the present observation, but more rigorous mathematical treatments would be required in order to build more direct relation between the mean dynamics and the present observation.
Another important outcome of the presence of such a mesolayer-like structure in the energycontaining motions in the logarithmic and outer regions is that their self-similarity would be incomplete or at least partially broken in the region close to the wall due to the inner-scaling nature of each motion (Fig. 7) . However, it should be pointed out that this feature is not necessarily inconsistent with the original theory [21] , which posed the self-similarity of the energy-containing motions in the logarithmic region as the cornerstone. It is important to recall that the statistical structure of each attached eddy was originally constructed in the inviscid limit by neglecting the viscous effect from the wall. The reason that the incomplete self-similarity appears in the present study is essentially because this neglected viscous wall effect is incorporated in the structure of the attached eddies. In this respect, the incomplete self-similarity should be viewed as a consequence of viscous correction of the original description on the attached eddies. Finally, it should be mentioned that the incomplete self-similarity in the streamwise velocity does not necessarily affect description of the mean velocity profile, as the mean-velocity dynamics is only directly related with the Reynolds shear stress [48, 49] . This is essentially because the incomplete self-similar part in the streamwise velocity emerges in the region close to the wall, where each of the energy-containing motions in the logarithmic and outer regions is supposed to carry very little Reynolds stress (i.e., inactive). Indeed, we will see that the incomplete self-similarity does not appear in the Reynolds shear stress (Sec. IV B).
Thus far, the focus of the present study has been given to our observation on the inner-scaling nature of the streamwise velocity of the energy-containing motions in the logarithmic and outer regions and its physical implications. The rest of this section will be devoted to understanding the origin of this behavior using the linear theory in Sec. II and the behavior of other variables such as wall-normal velocity, spanwise velocity, and Reynolds shear stress.
A. The origin of the inner-scaling nature
A careful examination of the linear model in Sec. II reveals that the origin of the inner-scaling nature ofû opt (y) is the eddy viscosity ν t given in the form of (3). Figure 8 compares the profile ofû opt (y) for λ z = 1.5h with the one recomputed by setting a constant eddy viscosity such that ν t = max y ν t (y) at Re τ = 10 000. The originalû opt (y) with ν t in Eq. wall-normal location and produces its y max in the logarithmic region (y max /h = 0.055). On the other hand,û opt (y) with the constant ν t does not have appreciable amplitude below y + = 100 (y/ h = 0.01) and its peak wall-normal location is placed at y max = 0.4h in the outer region. More importantly, if the original ν t is replaced by the constant ν t ,û opt (y) is found to depend very little on the Reynolds number as shown in Fig. 9 . These observations clearly suggest that the spatially varying ν t given by (3) plays a key role in the large amplification ofû opt (y) in the near-wall and logarithmic regions as well as the enforcement of the inner-scaling nature ofû opt (y) in the region close to the wall.
The key feature of ν t in Eq. (3) essentially lies in its definition given by the mixing length model, i.e.,
In the logarithmic region, the Reynolds stress has its maximum, but is roughly constant and dU/dy ∼ 1/y. Therefore, the considered ν t should grow linearly with y. Here, it is very important to note that this growing behavior of ν t in the logarithmic region must be generic in any turbulence models for FIG. 9 . Dependence on the normalized streamwise velocity profile of the optimal response at t = t max on the Reynolds number with a constant eddy viscosity ν t = max y ν t (y). Here, Re τ = 1000,2000,5000,10 000,20 000,40 000. Note that all the profiles considered are almost identical.
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wall-bounded shear flows. In the near-wall region, both the integral and dissipation length scales become identical to each other by being δ ν , indicating that the dissipation mechanism would be dominated by molecular viscosity. On the other hand, in the outer region, the integral length scale (h) exhibits large separation from the dissipation length scale (ν 3 h/u 3 τ ), the extent of which would be measured by their ratio given by Re 3/4 τ . A vigorous turbulent dissipation through the energy cascade is therefore expected in the outer region, yielding large ν t from the modeling viewpoint. In the logarithmic region, the very different dissipation mechanism between the near-wall and outer regions should be smoothly connected, and the only way for this to be incorporated would be by having an increasing ν t with y, as in Eq. (7).
This growing feature of ν t in the logarithmic region appears to be the major player in determining the wall-normal structure ofû opt (y) in the present linear approach. In the near-wall region and relatively lower part of the logarithmic region, the relatively small ν t enables the given initial perturbation to undergo large amplification, whereas in the relatively upper part of the logarithmic region and outer region, the large ν t does not allow it to be largely amplified. This simple mechanism explains whyû opt (y) with ν t in Eq. (3) is larger than that with the constant ν t [= max y ν t (y)] in the region close to the wall, while being smaller in the region far from the wall. It is also presumable that such a nature of ν t in Eq. (3) enforces the inner-scaling behavior ofû opt (y), given its direct relationship to the mean velocity through (7) .
This importance of ν t in dictating the wall-normal structure ofû opt (y) suggests that the innerscaling nature ofû opt (y) or the presence of the mesolayer-like behavior of the energy-containing motions would probably be an outcome of a scale interaction, because the wall-normal structure of ν t in the present study essentially reflects the inhomogeneous turbulent dissipation affected by the multiple scales at different wall-normal locations. It is important to mention that this form of scale interaction, mimicked through ν t in the linear theory, is not only limited to the near-wall region, but also affects the evolution of a given motion of interest throughout the entire wall-normal location. This interpretation also allows us to distinguish the present linear theory from the rapid distortion theory: The former describes the evolution of the motions under the influence of minimal form of such a scale interaction (i.e., background turbulence), whereas the latter describes it in the absence of such a scale interaction. This interpretation appears to be consistent with Fig. 9 , where the use of the constant ν t in the wall-normal direction is shown to yieldû opt (y) scaling completely within the outer units.
B. Other variables
Finally, the behavior of other variables, such as wall-normal velocity, spanwise velocity and Reynolds shear stress, is discussed. Figure 10 shows the streamwise wave-number spectra of the wall-normal velocity, the spanwise velocity, and the Reynolds shear stress. Due to relatively low Reynolds numbers considered here, the spectra do not very clearly show linearly growing nature with distance from the wall yet (i.e., λ x ∼ y), although this behavior begins to be apparent on increasing the Reynolds number. Therefore, the focus of this discussion will be given to the large-scale outer structures as in the introduction due to relatively small logarithmic region at low Reynolds numbers considered. However, its should be mentioned that the discussion can be further extended for the structures in the logarithmic region, if accurate near-wall spectra are available at much higher Reynolds number. In the near-wall region (y + < 50), the spectra of the wall-normal velocity and the Reynolds shear stress show very good scaling in the inner unit [Figs. 10(a) and 10(e)]. However, these spectra do not extend to longer streamwise wavelengths in the near-wall region on increasing the Reynolds number [the boxed region in Figs. 10(a) and 10(e)], unlike those of the streamwise velocity [compare with Fig. 1(b) ]. This feature is also confirmed in the outer-scaled spectra of these variables [19] , and Re τ = 5186 [3] . In each of the subfigures, the region of interest is highlighted with a blue box.
On the contrary, the spectra of the spanwise velocity appear to behave very similarly to those of the streamwise velocity. In the near-wall region, the spectra of the spanwise velocity exhibit an extending behavior to longer streamwise wavelengths on increasing the Reynolds number, while revealing very good inner scaling only for λ . Also, the outer-scaled spectra tend to extend more to the wall for λ x > O(h) [ Fig. 10(d) ]. These behaviors are exactly the same as those observed for the streamwise velocity (compare with Figs. 1 and 2 ). This feature of the spanwise velocity further implies that the near-wall part of this velocity component for λ x > O(h) would probably also scale well in the inner units, as indeed confirmed in Fig. 11 where the inner-scale nature of the near-wall streamwise wave-number spectra of the spanwise velocity is shown.
The emergence of the inner-scaling nature of the near-wall part of the spectra at λ x > O(h) only in the streamwise and spanwise velocities suggests that the incomplete self-similarity of the energy-containing motions in the logarithmic region, pointed out in Sec. III B, would appear only FIG. 11 . Scaling of the streamwise wave number spectra of the spanwise velocity in the λ x /h − y + plane. The labels of each contour are uniformly spaced from zero. Here, the dashed, solid, and shaded contours are respectively from Re τ = 934, Re τ = 2003 [19] , and Re τ = 5186 [3] . The region of interest is highlighted with a blue box.
for their wall-parallel velocity components. To further investigate this issue, here we introduce the statistics of the energy-containing motions at a given λ z (i.e., attached eddies) computed in Ref. [20] , where these motions are found to be approximately self-similar with respect to the spanwise wavelength λ z . The computation of such energy-containing motions in that study was carried out by physically removing all the motions except those at the given spanwise length scale using their self-sustaining nature [38, 50, 51] : The structures, the spanwise size of which is smaller than the given one, were artificially damped by artificially elevating the Smagorinsky constant of the large-eddy simulation using the static Smagorinsky model, while those larger than the given one were not resolved by imposing a restricted spanwise computational domains such that λ z = L z where L z is the spanwise domain size. For further details, the reader may refer to Ref. [20] . Figure 12 shows the second-order statistics of the energy-containing motions in Ref. [20] for several λ z with the logarithmic abscissa of the y/λ z . As discussed in that work, the second-order statistics reveal approximately self-similar behavior for y/λ z < 0.3-0.5h (note that the non-selfsimilar part at y/λ z > 0.3-0.5h is an artifact of the numerical experiment; see Ref. [20] for a further discussion). Despite the very aggressive nature of the way of isolating the motions at a given λ z in Ref. [20] , it is interesting to note that the extent of the self-similarity of the wall-parallel velocity components [Figs. 12(a) and 12(c)] appears not to be better than that of the wall-normal velocity and Reynolds shear stress [Figs. 12(b) and 12(d). In particular, the wall-normal profiles of the streamwise and spanwise velocity fluctuations tend to penetrate deeper into the near-wall region, as λ + z is increased (compare also with Fig. 7) , indicating that the self-similarity of these velocity components in the region close to the wall may be interpreted to be rather partially broken, consistent with the spectra in Figs. 2 and 11 .
It should be mentioned that this interesting behavior is presumably linked to the nature of the eddy viscosity in the static Smagorinsky model used in Ref. [20] , i.e., However, it should be noted that the broken self-similarity in this case only dominantly appears in the wall-parallel velocity components, similarly to the inner-scaling nature of the spectra of real flows given in Figs. 2 and 11 , even though they are enforced to all the velocity components. The only way to explain this behavior, observed consistently both in DNS and the numerical experiment in Ref. [20] , would probably be that the inner-scaling nature (or the mesolayer-like structure) of the energy-containing motions in the logarithmic and outer regions is intricately linked with the boundary condition at the wall: The wall-normal velocity is not allowed to penetrate to the region close to the wall due to the impermeability component (i.e., ∂v/∂y = 0 at the wall). In this respect, it would indeed be appropriate to interpret that this observation is a consequence of viscous correction of the attached hypothesis of Ref. [21] , whose theory was originally built by neglecting the near-wall viscous effect to the attached eddies in the limit of very high Reynolds number.
V. CONCLUDING REMARKS
The concept of the mesolayer has often been linked to the region affected by the viscous force originating from the presence of the wall in the mean momentum balance. The Reynolds number dependence of the peak wall-normal location of Reynolds shear stress has played a key role in defining the mesolayer [11, 12, 49] . The key finding in the present study with a linear theory and the DNS data available is that such viscous wall effect can exist in the wall-normal structure in all the energy-containing motions in the form of Townsend's attached eddies. In this sense, it would not be inappropriate to call the inner-scaling region of each of the energy-containing motions the mesolayer of the attached eddies. The consequence of applying the concept of the mesolayer to the attached eddy hypothesis [21] appears to be quite intriguing, as it allows one to have a consistent description of several important observations within a single framework, i.e., the viscous effect in the mean momentum balance [11, 12, 48, 49] , the near-wall penetration of the outer structures via their footprint resulting the inner-outer interaction [2, 4, [15] [16] [17] , the Reynolds-number-dependent behavior of the outer peak in the streamwise wave-number spectra of the streamwise velocity [4, 6] , a viscous correction of Townsend's attached eddy hypothesis and the resulting incomplete self-similarity in the region close to the wall (present study), and the collective generation of turbulent skin friction by all the energy-containing motions [18, 52] . Incorporation of this observation to the early predictive models based on the attached eddy hypothesis would probably improve their capability (e.g., Refs. [22, 46, 47, 53, 54] ), and it may be a fruitful way to follow towards a consistent statistical description of high-Reynolds-number wall turbulence.
